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This paper extends to the Eisenstein i tegers a + bp (a, b E 2, pa + p + 1 = 0) 
the problem of the existence of a bound on the size of a sequence of m con- 
secutive kth power residues of p, for all but a finite number of primes p and 
independent of p. The least such bound is denoted by Adk, m). It is shown that 
A&k, 2) is finite for k = 2,3,4 or 6n f 1. On the other hand, for every k, 
A&k, 3) = &(3k, 4) = &(k, 6) = co. Similar results are obtained for the 
related bound for m consecutives all in the same coset modulo the subgroup of 
kth power residues. 
1. INTRODUCTION 
By a theorem of A. Brauer [2], for every sufficiently large prime p there 
exists a sequence of m consecutive positive integers r, r + l,..., r + m - 1 
that are all Icth power residues of p, given k, m > 1. As in [9] we let 
r(k, m, p) denote the least such r. The finitely many primes for which 
no such sequence exists are called exceptional. Then we set A(k, m) = 
max r(k, m, p), taken over all non-exceptional primes p. Several authors 
have investigated the problem of whether, for given k and m, A(k, m) is 
finite or infinite; and if finite, of calculating its value (frequently with the 
aid of a computer). The following results are known. 
A(k, 2) is finite, and its value is known, for 2 < k < 7 [4], [I], [lo], [3]. 
A(3, 3) = 23532 [ll]. 
A(k, 3) = co for all even k [9]. 
A(k, m) = co for all k 3 2, m > 4 [5]. 
Jordan [7] defined a related bound A*(k, m) for a sequence of m 
consecutive positive integers all belonging to the same coset with respect 
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to the subgroup of kth power residues. Finite values were obtained for 
A*(k, 2), 2 <k < 7; and /l*(2, 3) = A*(k, 4) = CCL In [15] (1*(8, 2) 
and n*(3, 3) were evaluated. 
In [8] Jordan extended the problem to the Gaussian integers, defining 
analogous constants &(k, m) and &*(k, m). He showed that (1,(2,2), 
4(3,2), and 42, 3) are finite (hence too the corresponding A,*), while 
A,(k, 4) = A,*(k, 4) = co. 
In the present paper we consider the analogous constants &(k, m) and 
AE*(k, m) for the domain of Eisenstein integers a + bp. 
2. DEFINITIONS AND RESULTS 
We consider the domain E of Eisenstein integers OL = a + bp, where 
a, b E 2, p = &( - 1 + i 63). A sequence of m Eisenstein integers is called 
consecutive if it is of the form 
a, a + E, a + 2E )...) 01 + (m - l)E, where E = f 1, fp, -Jp2. (1) 
Since the sequence (1) lies in the complex plane, we must bound the whole 
sequence rather than just the first term 0~. So we set 
Way E, ml = oG!z&l I 0~ + ie I = max(l 01 I, / 01+ (m - 1)~ I). 
Brauer’s Theorem [2] carries over essentially unchanged to the domain 
E. Thus fix k and m and let 7~ be any Eisenstein prime outside a finite 
exceptional set. We let r = rE(k, m, V) denote the least positive number 
such that there is a sequence (1) of m consecutive Eisenstein integers 
with M(cx, E, m) < r, which are all kth power residues of rr. Then we 
define &(k, m) = max rE(k, m, n), taken over all non-exceptional primes 
n. Thus if A,(k, m) = R is finite, the closed disc of radius R centered at 
the origin contains m consecutive kth power residues of 7r, for all but 
a finite number of primes 7r. Furthermore there are infinitely many 
primes rr with rE(k, m, rr) = R, so no smaller disc has this property. 
Similarly let r* = rE*(k, m, r) denote the least positive number such 
that there is a sequence (1) with M(oL, E, m) < r*, satisfying 
x(a) = ~(a + c) = 1.. = ~(a + (m - 1) E), 
where x is a primitive kth power character modulo 7~. Then we define 
AE*(k, m) = max rE*(k, m, x). 
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THEOREM 1. A. /1,(2, 3) = &*(2, 3) = co. 
B. &(3,4) = &*(3,4) = 00. 
C. A,(k, 6) = &*(k, 6) = to forall k > 1. 
Thus the intriguing question remains whether A,(k, 5), or even &(k, 4), 
is finite for any k = 6n rt 1. (The conjecture that this in fact occurs 
receives some support from the result in [8] that (1,(2,3) is finite while 
the general method shows only that (1,(2,4) = co.) 
THEOREM 2. A. A&2,2) = (1,*(2,2) = 43, 77*=1-/L 
B. d,(3,2) = &*(3,2) = 2, 7r.* = 2. 
c. A&*(4,2) = 2, 77*=1-p. 
D. &(4,2) = 2/52, vi-* = 1 - p, 1 - 3p, 3 - p. 
E. &(k, 2) = &*(k, 2) = 1 for every k = 6n f 1 > 1. 
In addition we obtain some new results for the Gaussian integer case. 
THEOREM 3. A. (1,*(4,2) = 2/20, 7r*=1+i,2+i,2-i. 
B. (1,*(5, 2) = 6, ?r*=l +i. 
(In Theorems 2 and 3, n* denotes the exceptional primes.) 
3. PROOFS 
The proofs require a version for the domain E of Mill’s generaliza- 
tion [12] of Kummer’s Theorem [6] on the existence of primes with 
pre-assigned kth power character values. By the same method used in [12] 
and [14], and using the lemmas in [14, pp. 331-3321 we obtain the basic 
THEOREM 4. Let either (i) k = 2, 3, or 6, or (ii) k = 6n f 1 > 1. Let 
y1 , yz ,..., yt be distinct Eisenstein primes and let 5,) & ,..., ct be any 
kth roots of unity. In addition, in case (i) let y,, be a primitive kth root of 
unity; in case (ii) let yu = 1 and set &, = 1. Then there exist an infinite 
number of Eisenstein primes rr for which there is a kth power character x 
satisfying x(yi) = & , 0 <j < t. 
Proof of Theorem 1. For R > 0 we denote by E(R) the set of all 
Eisenstein integers ~11 # 0 with ( (Y [ 6 R. In addition we abbreviate 
“complete residue system” as CRS. 
Proof of A. The proof is essentially that used in [9] to show 
(1(2, 3) = co, with the prime 1 - p taking the place of 3. Given R > 0, 
let 1 - p, y1 ,..., yt be the distinct primes in E(R). Since 0, 1, -1 is a CRS 
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mod 1 -p, for each i we set yi = e, mod 1 -p, where ei = il. By 
Theorem 4 there is an Eisenstein prime ?T such that 
x(-l) = -1, x(1 -p> = 51, X(Yi) = ei 2 l<i<t, 
where x is the quadratic character mod n. By multiplicativity we have 
x(a) = 01 mod 1 -p if 01 E E(R), c-r~fmodl-p. 
Now any three consecutive Eisenstein integers form a CRS mod 1 - p. 
Therefore, no three consecutives in E(R) can be in the same quadratic 
residue class mod n. That is, &(2, 3) 3 (1,*(2, 3) 3 rE*(2, 3,~) > R. 
But R was arbitrary and so we obtain A. 
Proof of B. The proof is similar to that of A and also to the proof in 
[8] that &(2,4) = co. The essential prime here is 1 - 2p, for which 0, 
rfrl, -j-p, fp2 is a CRS. Let R > 0. By Theorem 4 there is an Eisenstein 
prime v ( # 1 - 2~) with cubic character x which satisfies x( 1 - 2~) = 1, 
p or p2, and 
x(4 = pe if 01 z fp” mod 1 - 2p, (2) 
where 01 runs through the distinct primes (fl - 2~) in E(R). As in 
part A, (2) is satisfied for every 01 E E(R) not divisible by 1 - 2~. Now 
any 7 consecutive Eisenstein integers form a CRS mod 1 - 2~. Examina- 
tion of the residues mod 1 - 2p of the sequence (1) with m = 7 shows 
that at most three consecutives in E(R)-with the middle one divisible 
by 1 - 2p-can be in the same cubic residue class mod r. Therefore 
rE*(3, 4, r) > R, and so B is proved. 
Proof of C. The proof is similar to that of /l(k, 4) = cc in [5] and of 
d,(k, 4) = cc in [8] (both for odd k), but the result is unexpectedly 
weaker. Clearly it suffices to consider k a prime >3, so k = 6n f 1. Let 
R > 0. By Theorem 4 there is an Eisenstein prime n with a kth power 
character x having the following preassigned values: 
x(1 - PI f 1, X(Y) = 1 for all others primes y E E(R). 
Therefore 
x(4 = 1 if 01~ E(R), ol+Omodl--pp. 
Now for each class C of non-residues mod 7~, C n E(R) contains only 
integers divisible by 1 - p, hence not even two consecutives. On the 
other hand, the class of kth power residues mod v contains every number 
641/6/4-7 
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in E(R) not divisible by 1 - p, as well as those of the form a: = (1 - p)“” B, 
where a > 1, p E E, 1 - p f p. For such an 01 we have a sequence of 
5 consecutive residues: 
X(” - 24 = x(a - l ) = x(a) = X(” + l ) = X(” + 2E) = 1, 
E = 1,porp2. 
However, x(a f 3~) # 1 and so there is no run of 6 consecutive residues 
inside E(R). Thus rs*(k, 6, 7~) > R and so C follows as before. 
Remark. There is no prime that could be used in place of 1 - p to 
improve C to a result &(k, m) = cc for m < 6. In particular the prime 2 
is of no use, since there are whole lines of Eisenstein integers not divisible 
by 2-e.g., {a + p: a E Z)--every member of which would have x = 1. 
Finite values of &(k, 2) are obtained by the same method used for II 
and A,. The proofs consist of tables of character values and corre- 
sponding consecutive kth power residues (for A,*(k, 2), consecutive 
residues or nonresidues). The values given in Theorem 2, as well as those 
for d,* in Theorem 3, were all obtained “by hand,” and the proof tables 
(none more than 30 lines long) are omitted. We only note that the triviality 
in Theorem 2E is due to the fact that for (k, 6) = 1, all six units &I, fp, 
&p2 are kth powers; and 1 and 1 + p = -p2 are consecutive. Also, in 
Theorem 2C, D there is (analogous to [12]) the restriction x(-4) = 1 
for any 4th power character. 
Note added inproof. Theorem 1C has been improved by E. F. Eckhnd, Jr. (Proceed- 
ings of the 1972 Number Theory Conference, Boulder, pp. 71-74). He shows that for 
k z f  1 mod 6, &(k, 4) = Ae*(k, 4) = 0~) whenever 6k + 1 is prime, in particular 
for k = 5, 7, 11, 13, 17,23, 25. He also settles k = 19. Thus it seems likely that 
Il,(k, 4) = 03 for all k. 
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